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ABSTRACT. This paper presents a method of numerical verification for the ex-
istence of a global-in-time solution to a class of semilinear parabolic equations.
Such a method is based on two main theorems in this paper. One theorem
gives a sufficient condition for proving the existence of a solution to the semi-
linear parabolic equations with the initial point ¢ = ¢ > 0. If the sufficient
condition does not hold, the other theorem is used for enclosing the solution
for time ¢t € (0,7], 7 > 0 in a neighborhood of a numerical solution. Numerical
results of obtaining a global-in-time solution for a certain semilinear parabolic
equation are also given.
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1. INTRODUCTION

Let © be a bounded and convex domain in R%2. We consider the existence of a
global-in-time solution ! for the following semilinear parabolic equations:

(1a) Ou — Au = f(z,u), t € (0,00), x € Q,

(1b) u =0, t € (0,00), x € 09,

(]'C) U(O,JZ) = uO(z)7 T e Qa

where Oju = %‘, A = 66—;2 + 68—;2 is the Laplacian, whose domain is D(A) =
1 2

H2(Q) N HY(Q), up € HY(Q) is an initial function, and f is a function from Q x R
to R, and it maps from H{ (2) into L?(2) in the sense that f(-,v) € L?(Q2) for each
v € HE (). The operator f: Hi(2) — L?(Q) defined in this sense is assumed to be
twice Fréchet differentiable. Unless otherwise specified, f/'[v] and f”[v] denote the
first and the second order Fréchet derivatives of f at v € H}({) as assuming that
f is an operator from H{ () to L?(12), respectively. The main aim of this paper is
to present Theorem 3.1 in subsection 3.1 and Theorem 3.2 in subsection 3.2. Then,
we propose an algorithm for numerically verifying the existence of a global-in-time
solution to (1).

There have been many studies on the existence of global-in-time solutions for
some parabolic equations related to (1). As a pioneer work, for the parabolic
equation (la) and (lc) when f(z,u) = w? (p € R) and @ = R™ (m € N), H.
Fujita has found an exponent concerning the existence of a global-in-time solution
in 1966 [1]. Then, studies of solutions to various parabolic equations have been
developed in the field of mathematical analysis ([2, 3, 4, 5], etc). In particular, for
the parabolic equation (1), there exist analytical studies concerning the global-in-
time solution that converges to the zero function ([6, 7, 8], etc). In this paper, we
cite the following theorem:

Theorem 1.1 (c.f. Theorem 19.2 in [9]). Let us consider

(2a) Ou — Au = f(u), te(0,00), z€Q,
(2b) u=0, t € (0,00), z € 09,
(2¢) u(0, ) = up(z), x €,

where the domain Q is bounded, ug € L= (), and f : R — R is a C'-function such
that f(0) = 0 and f'(0) < Amin. Here, Amin denotes the smallest eigenvalue of —A.
There are constants v > 0, n > 0, and K > 1 such that, for all uy € L>=(Q) with
luol| Lo < m, there exists a solution u of (2) satisfying

(3) lu(t, )z < pe™", t € (0,00),
where p = K||ug|| 1,

The main aim of this paper is to give a method of calculating the values v (> 0)
and p (> 0) appearing to (3). In order to calculate these values, this paper presents
a verification algorithm. The algorithm tries to enclose a solution that exponentially
converges to a stationary solution of (1) by numerically checking whether sufficient
conditions in Theorem 3.1 and Theorem 3.2 hold, respectively.

LA solution that exists for t € (0,00) is called a global-in-time solution. We consider the
solution of (1) in L°°((0,00); H{ (£2)) in this paper.
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M.T. Nakao, T. Kinoshita, and T. Kimura have proposed a computer-assisted
method for enclosing a solution to a class of parabolic equations based on verified
numerical computations [10, 11, 12]. Their method is based on estimating a norm
of an inverse operator related to the parabolic equations. Moreover, S. Cai [13]
has derived a sufficient condition that is related to the existence of a global-in-time
solution for time ¢ > ¢, ' > 0 to a system of reaction-diffusion equations through
verified numerical computations using an analytic semigroup over L>(Q) x L>(Q).

Recently, we have developed a method for verifying the existence of a solution
to a semilinear parabolic equation by using an analytic semigroup over H~1(£2)
(a topological dual space of HZ(f2)) in [14]. In this paper, by using an analytic
semigroup over L?({)), we provide a verification algorithm for enclosing a mild
solution of (1), whose definition is given in Section 2. This algorithm is expected
to enclose the solution of (1) more tightly than results in the previous paper. This
is because a residual estimate obtained by the semigroup over L?(f2) in this paper
is also expected to be tighter than one obtained by the semigroup over H1(f2) in
the previous paper. The comparison of the residual estimates is given in Appendix
A. We will show a method for verifying the existence of a global-in-time solution.
In such a method, the existence of a global-in-time solution for (1) is shown by the
following procedure: First, we check whether the sufficient condition in Theorem
3.1 holds. If this condition holds, we can show the existence of a global-in-time
solution. Otherwise, we try to enclose a mild solution u(t) for ¢ € (0,7], 7 > 0in a
neighborhood of a numerical solution to (1) by checking whether (16) in Theorem
3.2 holds. If the enclosure of the solution is obtained, we also verify the existence
of the mild solution u(t) for ¢ € (7, 00) by using Corollary 3.3 and Theorem 3.1. By
Algorithm 1 based on Theorem 3.1, Theorem 3.2, and Corollary 3.3, the existence
of a global-in-time solution for (1) is expected to be guaranteed in a subset of the
Banach space L> ((0,00); Hg(f2)).

The organization of this paper is given as follows: In Section 2, we give pre-
liminaries throughout this paper. In subsection 3.1, Theorem 3.1 gives a sufficient
condition for verifying the existence of a solution to (1) with the initial point ¢t = 0
replaced by some t = t' > 0. In subsection 3.2, a verification algorithm is given
for showing the existence of a global-in-time solution. The procedure of the ver-
ification algorithm is described in Algorithm 1. In Section 4, we give numerical
results of verifying the existence of a global-in-time solution to certain semilinear
parabolic equations. We present some quantification of an analytical result using
the verification algorithm. In appendixes, we give several estimates, which will be
useful in order to check the existence of a global-in-time solution to (1).

2. PRELIMINARIES

The inner product of L?(Q) is given by
(u,v)p2 := / u(z)v(z)dx.
Q

The norm of L?(12) is defined by |ul|r2(q) := /(u, u) 2. For a positive integer m,
let H™(Q) be the mth order Sobolev space of L*(2). We define a function space
HYQ) :=={u € H(Q)|u =0 on 90}, where u = 0 on 9 is in the trace sense. We
use the norm of H}(Q) such that lull = [Vl g
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Let J be an interval in (0,00). Let a function space Y be a Banach space with
the norm || - ||y. We define a function space L (J;Y") as

L>(J;Y) := {u I x Q=R u(t,) €Y, esssup |lult,-)|y < oo}
teJ

with the norm |Ju| oo (s;y) 1= esssup,c s [Ju(t,-)|ly. Let C°(J) be the function space
of all continuous functions from .J to R. We also define a function space C° (.J;Y)
as

CY(J}Y) = {u: I xQ—=Rut,) ey, [lul-)|y € C'O(J)}.

Let P and @ be Banach spaces. For a bounded operator B : P — @, the operator
norm of B is denoted by ||B||p,o-

We denote A = —A : D(A) — L?(Q) and D(A) = H?(Q) N H}(Q). We define
p(A) as a resolvent set of A:

p(A):={z€C| (2 — A)~"': L*(Q) — L*(Q) exists and is a bounded operator.}.

Let 0(A) = C\ p(A) and A, denotes the minimum value of o(A). For 0 < o < 1,
a fractional operator of A is defined by

oo . oo
A=) Njepy, D(AY) = qu=) cjiy € LX(Q) | Y A" <00,
i=1 j=1 j=1

where {1;},\ is the complete orthonormal basis of eigenfunctions of A in L%(Q),
Cj = (U,d)j)[}, and {)\j}jGN = O'(A)

It is known that —A generates the analytic semigroup {e*tA} 1> over L?(Q)
(see e.g., [15, 16]). -

Definition 2.1. Let J = (¢o,t1] (0 < tg < t1 < 00). For the semilinear parabolic
equation:

Ou — Au = f(z,u), te Jxeq,
(4) u(t,z) =0, teJaxeo,
u(to, ) = uo(z), x €,

the function u € C°(J; L3()) given by
t
u(t) = e~ (7t Ay, —|—/ e~ DA u(s))ds (te J)

to

is a mild solution of (4) on J.

We introduce Lemma 2.2 and Lemma 2.3 (see e.g., [15, 16]).
Proposition 2.2. D(AY?) = H}(Q) and
(5) s = [ AY20] 12, Yo € HL(S)
hold.
Proposition 2.3. Let a € (0,1]. If u € D(A®), then,

A% Ay = e MM A%, t >0

holds.

Furthermore, we obtain the following lemma:
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Proposition 2.4. Let Ay be the minimum eigenvalue of A. For fized o € (0,1)
and B € (0,1), the following estimate holds:

a
(6) HAae_tA||L2)L2 < (:é) t_ae_(l_B)t)\mi“, t> 0.

Proof. Since the minimum eigenvalue of A is positive, we have

«
sup xae—ﬁtw < (a) and sup e_(l_B)tw é e_(l_B)tAmin
€ (Amin,00) eft € (Amin,00)

for fixed & € (0,1) and 8 € (0,1). From the spectral mapping theorem the following
inequality holds:

A% 12 2<  sup 2% ™"

€ (Amin,00)
< sup 2% P gup e 1A
" 2€(Amin,0) € (Amin,00)
This indicates that the inequality (6) holds. O

For x > 0, the error function erf(z) is defined by

2 * 2
erf(z) := ﬁ/o e ° ds.

By an elemental calculation it follows for o > 0 and = > 0,

(7) /Ow sTH2em% s = \/zerf(M).

Let p > 0 and J be any interval in (0,00). For v € L>(J; H}(Q)), a closed ball
Bree(g;m1()) (v, p) is defined by

BLw(J;Hg(Q))(UaP) = {y €L” (J§ H&(Q)) Iy — UHLOO(J;H(%(Q)) < P}~

3. NUMERICAL VERIFICATION FOR A GLOBAL-IN-TIME SOLUTION

3.1. Global-in-time existence theorem. Let ¢ € D(A) be a stationary solution
of (1). Namely, ¢ satisfies

Ap(x) = f(z, ¢(x)), =€,
o(z) =0, x € 0N

A function space Vj, denotes a finite dimensional subspace® of D(A) depending on
a parameter h > 0. We assume that ¢ is a locally unique stationary solution in the
ball 3 :

(8) By (0.0) 1= { € HY@Qllu = Bl <o/} for o/ >0,

where (;AS € V}, is a certain numerical approximation of ¢.
In this subsection, we give an inequality that provides a sufficient condition of
enclosing a mild solution u(t) of (1) with the initial point ¢ = 0 replaced by some

2For example, V}, is a Cl-finite element subspace. Alternatively, when Q is a rectangular
domain, V}, is spanned by the Fourier bases.
30ne can easily check whether a stationary solution ¢ uniquely exists in BH[% (¢, p") by using

various computer-assisted methods, e.g., [17, 18, 19].
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t =t > 0 in a neighborhood of the stationary solution ¢. In the following, we
consider a mild solution of

Ou+ Au = f(z,u), te ', x), x €,
(9) u =0, te(t',o0), x €09,
u(t',z) =n, x € Q,

satisfying
t
u(t) = e =4y 4 / e DAL (- u(s))ds,
t/

where 7 € By (4, ¢) for a certain @ € V.
For a fixed A > 0 we define a function space X, as

X = {u € L (000 HY ()] essup e~ ut, )y < oo} 7
te(t! 0o

where X, becomes a Banach space with the norm

’
lellx, += esssup Nt )|y -
e(t’,00

The following theorem gives a sufficient condition for enclosing the mild solution of
(9) in X. This theorem gives quantification of the analytical result corresponding
to the estimate (3). Some examples are also given in Section 4.

Theorem 3.1. We consider the semilinear parabolic equation (9). We assume
that ¢ € D(A) is a locally unique stationary solution of (9) in BHé(qS,p’). We
also assume that there exists a non-decreasing function Lg : R — R such that for
Y € Broo((tr,00);13(02)) (05 0)
(10)

1 [yull oo ((27,00):22(2)) < Lo (Pl oo ((t7,00): 2 (02))> T € LZ((F 00); Hy (2)),
where the function Ly depends on ¢. Let A satisfy 0 < A < Ayin/2. If there exists
p > 0 such that

2

(11) n = ¢llaz + Le(p)p O =20

<p,

then, a mild solution u(t) of (9) uniquely exists in
Bpoo((t,00): 11 (2)) (¢ p) 1= {u € Xi [[lu — ¢[|x, < p}.
Therefore, the following estimate holds:
lut) = Sllay < pe” 7, t e (¢, 00).

Remark. The non-decreasing function L4 is essential for our verification method
because the existence of p > 0 satisfying (11) highly depends on the L,. For
example there exists Ly given in (10) if f is a polynomial, i.e. f(x,u) = Zil ciu,
where N € N and ¢; € R. However such a non-decreasing function Lg does not
exist if f(x,u) = u'/?.
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Remark. Since || — [/ < e and a stationary solution ¢ exists in By (6, p'), it
follows

IA

I =y + 1 = Bllagy + 116 — Slmy
e+l = Bllay + .

17— &l

IN

where we remark that ||a — || gy is rigorously computable by using interval arith-
metic. Therefore, || — ¢|| 1 in Theorem 3.1 can be estimated rigorously.

Proof of Theorem 3.1.
A nonlinear operator S : L ((',00); Hg(€2)) — L™ ((¢/,00); H§(f2)) is defined by

t

(82)(1) == e - 9) +/ eI 2(s) + 0) = f( ) ds, t € (t,00).

t

We note that the solution u(t) := z(t) + ¢ is a mild solution of (9) if and only if z is

a fixed point of S. Let Z := {z € X,\|||z]|x, < p} for a certain p > 0. We derive a

condition based on Banach’s fixed-point theorem so that S has a fixed-point in Z.
Let z € Z. Then, (5) yields

T|(S2) (1)l g

< TN Ay — 6)|
+wﬂu[w@smmw@+@—ﬂwnm%
= et Az e Ay — g)|| 12

4 et //t [AZe= DA (£ 2(5) + @) — f(-, ¢)) || p2ds
< e“—”*IIfIl/?e—“‘t')A(n —O)le2

t
+/ TN A2 U o oGO (f (- 2(5) + ) = (- 9)) 2 ds.
t/
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Since A < Amin/2 and ftt, (t — )12~ (t=9)Cmin=20/2(5 < o0 for a fixed t > t/
hold, (5), Lemma 2.3, Lemma 2.4 with a = 8 = 1/2, and (7) imply
eTION(S2) () 2
< TN AV DA (g — )| e

+ esssup (GO 7, 2(5) +0) = £, 6) .2

se(t’,00)
t

-1 1 _(4—g)2min=2X
X e 2/(15—5) ze” (7)™ (s
¢

’

_ e(t—t/))\“e—(t—t/)AA%(n o ¢)HL2

(Amin—2N) (t—t')
Varat )

. (s—t") . . .
+ o ees(btsg (e MIFCG 2(s) + @) — f( ,¢)||L2>

< =0 |y — g

Amin —2A) (t—¢/
\/ﬂﬂf( (2)()) o
+ esssup (e~ Lz2(8) + o) — f(, ‘
s s (LTI + ) - 10 e)

Fix s € (t',00). For v € L?(Q) and 0 < @ < 1, it follows from the mean-value
theorem that

1
(f(0+2(s) = f(,0),0) 12 = /0 (f'[¢+ 02(s)]2(s), v) 2d0.
For the fixed s € (t/,00) and v € L?(Q), the Schwarz inequality and (10) give

eCTONF( o+ 2(5) — £, 0),v) L2
/‘ 6+ 02(5)] (" 2(s)),v) 1

= / 1£[6 + 02()] (e 2(5)) || 2 d[v]| L
0

< Lg (o)l x5 [0l £2-

Therefore, we obtain

esssup (e |1 2(5) + 6) = £ 0)l2 ) < La(pll2l x,

SE(t,00)

do

which implies

(Amin—2X)(t—t)
vV 2 erf ( 2)
e(>\min — 2/\)

Since erf(z) is a monotonically increasing function for x > 0 and erf(z) — 1 as
T — 00, we have

NS )]l < In = Bl + Lo(p)p

2T

1S()Mlxx < llm = Sllug + Lo(p)p Oumm — 2V
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Therefore, if p > 0 satisfies (11), S(z) € Z holds.
For any z1, 22 € Z, it follows from A < Apyin/2 that

e(t=tA (Sz1) (t) — (522)(t)||Hg

t
= / TN A2 o 2 eCTON| (-, 21(5) + ¢) — f (-, 22(5) +9)) | 2ds
t

< esssup (=N F(,21(5) + 6) = [ 2a(s) + 0)]] 2 )
SE(t,00)

A

¢ Amin =2
X 671/2/ (t —s) 72~ (=)™ g
t/

22

t Ao —
< L¢(p)||21 _ ZQHX)\@_UQ/ (t _ S)—1/26—(t—s)4mn{é ds
t/

From (7), we obtain

Amin—2A)(t—t'
merf<./< ) >>
6()\min - 2>\)

TON[(S21) (1) = (S22) (Dl my < Lop) 21 = 2L,

Then, it turns out that

2

15(1) = S(z2)llxs < Lol | i3y

21 — 22l x, -

If p > 0 satisfies (11), Ly (p) ﬁ < 1 holds. Then, S becomes a contraction

mapping on Z. Banach’s fixed-point theorem proves that a fixed point of S uniquely
exists in Z. 0

In order to verify the existence of a global-in-time solution to (1) we set ¢’ = 0
in (9). Then, we check whether the sufficient condition in Theorem 3.1 holds.
If this condition holds, we can show existence of the global-in-time solution in
L>((0,00); HE (Q)). Otherwise, we try to enclose a mild solution of (1) for ¢ €
(0,7], 0 < 7 < oo in a neighborhood of a numerical solution. Such a procedure is
introduced in the next subsection.

3.2. Verification algorithm. For fixed ¢y and t; satisfying 0 < tg < t; < o0, let
J = (to,t1] and 7 := t; — tp. In this subsection, we give a sufficient condition
for guaranteeing the existence and the local-in-time uniqueness (Theorem 3.2) of a
mild solution to (1) for time ¢ € J. We also give an a posteriori error estimate in
Corollary 3.3. Let @9 € V}, and @7 € Vj,. Then, we consider a mild solution of

Ou+ Au = f(x,u), teJ e,
(12) u=0, teJ, x €0,
U(t07l’) :gv IGQa

satisfying

u(t) = e (7100 A¢ 4 / t e~ =4 f (- u(s))ds,

to

where § € By (tio, ) for € > 0.
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Let Ix(t) (t € J) be a linear Lagrange basis satisfying I (t;)= dx; (j = 0,1),
where dy; is Kronecker’s delta. We define wy(¢) as

(13) w()(t) = ﬁ()l()(t) + ﬁ1l1(t), teJ

In the following, we give a sufficient condition for guaranteeing the existence and
the local uniqueness of a mild solution in By, Hé(Q))(wm p) for a certain p > 0.

Theorem 3.2. We consider the semilinear parabolic equation (12). Let

)

a5 2‘
Loo(J;HE ()

/ e” T4 (Dwo(s) + Awo(s) — f(-,wo(s)))ds

to

where wy is defined by (13). We assume that there exists a non-decreasing function
Ly : R = R such that for y € Bre (.1 () (wos p)

(15) || f'[ylull oo (ri22@)) < Lo (P)ull oo (13113 (2)» Yu € L(J5 H (),

where the function L, depends on wy.
If p > 0 satisfies

)\min
(16) e+ erf ( ; T> Luy(p)p+6 < p,

>\min€
then, a mild solution u(t) of (12) for t € J uniquely exists in Bre (s, m1(y)(wo, p)-

Proof. By using the analytic semigroup e *4, an operator S L™ (J;H& (Q)) —
L> (J; H(Q)) is defined by

t
(17) (S2)(t) 1= e~ 74 (¢ — ) +/ e 7 g(2(s))ds,
to

where we put g(z(t)) := f(-, 2(t) + wo(t)) — dswo(t) — Awo(t). We note that u(t) :=
z(t) +wo(t) is a mild solution of (12) if and only if z is a fixed point of S. We derive
a condition based on Banach’s fixed-point theorem so that S has a fixed-point in
Bree(1;m1(0))(0, p) for a certain p > 0.

At first, we derive a condition guaranteeing that S (BLOQ(J;H(%(Q))(O, p))
C BLoo(J;Hé(Q))(O,p) holds. By using (5), Lemma 2.3, and the spectral mapping
theorem, the first term in the right-hand side of (17) is estimated by

R I S
9

L2

< e~ (t=t0) Amin o
Then, we have

18 et - ao <
18) ‘ =@y =€

Next, we express as g(z(s)) = g1(s) + g2(s) with g1(s) := f(-, 2(s) + wo(s)) —
f( wo(s)) and ga2(s) := f(-,wo(s)) — Owwo(s) — Awp(s). From (5) and Lemma 2.4
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with @ = 8 = 1/2, we have

t t
(19) ‘/ e g, (s)ds < le™ 212 1 191 (5) |2 ds
to H} to
t
1 — —
= [ 1A2e" 9% 2 pallga(s) | Leds
to
< 671/21’(15) ||91||Loo(J;L2(Q)) )

where v(t) is denoted by

t
I/(t) = / (t — s)_1/26_1/2(t_5)Ammds.

to

From (7), the supremum of v(t) for ¢t € J is given by

2 min
(20) supv(t) = T erf( A T).

teJ )\min 2

Fix s € J. For v € L?(Q) and 0 < # < 1, it follows from the mean-value theorem
that

1
(f(- wo(s) +2(s)) = f(-,wo(s)),v) L2 :/O (f'[wo(s) + 0z(s)]2(s), v) 2db.
From (15), we obtain

(21) 1£(- 2 +wo) = f(swo)ll oo ;2202 < Lo ()2l Lo (1112 (02))-
Therefore, (19) and (20) give

t
/ e~ =940 (s)ds

to

A

@ |

2m )\minT
— erf ( 2 ) LWU(p)p'

Lo (J:HE () Amin€

From (18), (22) and (14) we have

IS@l (rimp) S35 -

erf ( /\m;T) L, (p)p+6.

The condition (16) yields that S(BLM(J;Hé(Q))(O,p)) C Br (5,11 () (0, p) holds.
We now show that S becomes a contraction mapping on BLoo(J;Hé(Q))(O, p). Let

21,22 € BLm(J;Hé(Q))(O,p). From the definition of S, it follows

(S21)(t) — (Sz2)(t) = / e UTIALF( 21(5) +wols)) — F(- 22(s) + wo(s))} ds.

to

Since z; +wo € Bree (s, (0))(wo, p) (i = 1,2), we have the following estimate from
(5), (15), (20), and Lemma 2.4:

fse0- 52

Lo (J;HE ()

IN

2m AminT
erf ( B ) Leso (p)[21 = Z2||L°O(J;H&(Q))'

Amin6



12 M. MIZUGUCHI, A. TAKAYASU, T. KUBO, AND S. OISHI

The condition (16) implies

2m )\minT

Then, S becomes a contraction mapping on BLm(J;Hé(Q))(O, 0).
Finally, Banach’s fixed-point theorem states that there exists a unique fixed-
point 2 in Bre (11 (0)) (0, p)- d

Moreover, we obtain the following a posteriori error estimate at ¢ = ¢; if Theorem
3.2 holds.

Corollary 3.3. Under the assumption in Theorem 3.2, let

/ 1 e” 794 (Dy00(s) + Awo(s) = f (- wo(s)))ds

to

(23) 6> ‘

@)
Then, the mild solution u of (12) satisfies

2 )\min <
@1) lu(t) — illy < e 2T erf< ;) Lan(p)p+5.

Proof. Let z be a fixed point of S in the proof of Theorem 3.2. Then,

ty
2(ty) = u(ty) — iy = e~ 7P)A(E —q0) + / e~ (1= 44(2(s))ds,

to
where g(z(s)) = f(-, 2(s) + wo(s)) — Awp(s) — Oswo(s). Similar discussions in those
in the proof of Theorem 3.2 provide

t1) — 1 < e~ TAmin
lu(t) — dallmy <e Rl

erf ( )\m2in7> Lo, (p)p + 5.

]

On the basis of Theorem 3.1, Theorem 3.2, and Corollary 3.3, we provide a verifi-
cation algorithm for showing the existence of a global-in-time solution in Algorithm
1.

In Algorithm 1, each ball Cr, (k=1,2,...,n) is an enclosure of the solution to
(1) for t € Ty,. Let us define Cr as

Cr:={yeL>(T;H;() |y€Cr,, k=1,2,...,n}.

If Algorithm 1 finishes successfully, we can show that a solution u(¢) of (1) fort € T
is enclosed in C7. Moreover, the solution is asymptotically approaching to ¢ for
t € (t',00). Therefore, in this case, the existence of a global-in-time solution to (1)
can be proved by verified numerical computations.

Remark. If the global-in-time solution u(t) is enclosed by Algorithm 1, the solution
u(t) € HH(Q) C L3(Q) for t € [0,00) is expressed by

u(t) = e ug + /t e =DAf( u(s))ds.
0

The solution u is in C°([0, 00); L?(€2)). A proof of the assertion is given in Appendix
C.
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Algorithm 1 Verification algorithm

Set (& e Vi;
Verify the existence and the local uniqueness of a stationary solution ¢ in
Byi(9.0');
if Failed in enclosing ¢ then
error (“Failed in enclosing ¢”);
end if
Set 4y € V}, and compute ¢ satisfying [[uo — tol[zp < €;
t' = 0;n =wup; &= do; k =0;
while true do
Compute || — ¢[|g1 based on Remark 3.1;
Choose \ satisfying 0 < A < A\pin/2;
if There exists p > 0 satisfying (11) in Theorem 3.1 then
break;
end if
k=k+1;
Ug = Uy to =t'; § =5
Set 7 > 0. Let t; =tg+ 7 and T, = (to,tl];
Choose 11 € V3, and set wo(t) = tolo(t) + 111 (t) for t € Ty, ;
Compute 0 defined by (14);
if there exists p > 0 satisfying (16) in Theorem 3.2 then
there exists a mild solution u(t) for t € (to, t1] satisfying (12).
Define a ball Cr, as Bre (s, (a))(wo, p) and pr = p;
Compute 6 defined by (23);
Substituting p for the right-hand side of (24), update e > 0 as e = e~ "Aming 4

xor erf ( *) Lu(p)p 4 5;

else
error (“Verification failed for ¢t € T}.”);
end if
t' =ty n=u(t1); &= U;
end while
n==k;

disp (“The solution for ¢ € (0, 00) exists and |[u(t) — ¢ gz < pe=21=1) holds for
t>1t7);

4. NUMERICAL RESULTS

Let Q := {zx = (z1,72) : 0 < 21,72 < 1} C R? be an unit square domain. We
consider the existence of global-in-time solutions for the following semilinear para-
bolic equations:

Ou — Au = f(z,u), te€ (0,00), z €9,
(25) u =0, t € (0,00), x € 09,

u(0,2) = 2sin(nzq ) sin(nze), x € Q,
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where we consider the cases f being given by

(Case 1) f(z,u) = u*+ 4sin(rx;)sin(mzs),
(Case 2) f(z,u) = u?+4(sin(mzy)sin(mry) + sin(27rz,) sin(2rzs)
+ sin(mray ) sin(27as)),
(Case 3) f(z,u) = u>+4 Z sin(kmxy) sin(lrxs),
1<k,I<2
and
(Case 4) f(z,u) = u®+4 Z sin(kmxy) sin(lmas).
1<k,i<3

All computations are carried out on CentOS 6.3 with 3.10GHz Intel(R) Xeon(R)
CPU E5-2687W, 128GB RAM. We use MATLAB 2012b with INTLAB ver.7.1 [20].
The spectrum method is employed for discretizing the spatial variable. Namely, we
construct a numerical solution by using the Fourier basses. For N € N, a finite
dimensional subspace Viy C D(A) is defined by

N
VN =< ueDA) |u(z,y) = Z ag, sin(kme) sin(iry), ag; € R
k=1
We fix N = 10. We set 7 = 278 and A\ = 1/40(< Apin = 272) in Algorithm 1.
Then, we try to verify the existence of global-in-time solutions to (25) by using
Algorithm 1.

Let ¢ denotes a stationary solution of (25). We verify the existence and the local
uniqueness of ¢ in a neighborhood of a numerical solution QAS € Vn by using the
verification method given in [19]. A radius of the neighborhood is denoted by p’
satisfying [|¢ — || my < p'. For each case, p’ is shown in Table 1. The numerical

solution fi; are displayed in Figure 1, respectively.

TABLE 1. Radii of the neighborhood enclosing ¢ when N = 10.

/

Case P
1 0.002706328809
2 0.003861742749
3 0.004967902695
4 0.00724564522

For simplicity, in the following we consider (25) for Case 1. Let 4y € Vi be
a numerical approximation of (25) at time ¢ = t;. We give a numerical solution
@1 € Viy of (25) at time t = ¢; in Algorithm 1 as follows. We employ the Crank-
Nicolson scheme in order to get each u; € Vy, i.e. we consider the following
problem: for g € Vi, find u; € Vv such that

up — 4 1, . 1 _
(M5 0] g (i A o) = 3 (7o) + £ o)
.2

T 2

Let @, € Vv be a numerical approximation of u;. We define a numerical solution
wo as

(26) wo(t) = ﬁolo(t) + ﬁlll(t), te Ty
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FIGURE 1. The numerical solutions ¢ of (25) for the four cases.

in Algorithm 1. We compute & in (14), & in (23), Lg(p) in (10), and Ly, (p) in (15)
for (25) based on estimates in Appendix A and B. Then, Algorithm 1 gives py > 0
satisfying

[w — woll oo (13512 (2)) < Pr-
Figure 2a displays each py for Ty when N = 10 and 7 = 278,

For Cases 2,3, and 4, Figure 2 also shows each p; for T when N = 10 and
7 =278 Furthermore the algorithm 1 gives the following estimates:

(27) lu(t) = ¢l < pe= =/, te (¥, 00).

Table 2 also shows each error estimate p and ¢’ of (27).

TABLE 2. Error estimates p and ¢’ are presented when N = 10
and 7 =278,

Case P t/

1 0.973712650429328 0.1015625
2 0.939460907598910 0.10546875
3 0.953394626139478  0.10546875
4 0.954276545574080 0.11328125

On the other hand, when we consider (25) for Case 1, where we set u(0,z) =
5.5sin(mxy ) sin(mxa), Algorithm 1 fails in enclosing a global-in-time solution be-
cause the existence of the solution u(t) for ¢ > 0.16796875 cannot be shown. Figure
3 displays each py for T, when N = 10 and 7 = 278, As seen Fig. 3, for this initial
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FIGURE 2. Each py for Ty in (25).

value, as repeatedly using Theorem 3.2 and Corollary 3.3 in Algorithm 1, the error
¢ in (16) tends to becomes large so that Algorithm 1 cannot verify the existence of
a global-in-time solution of (25) for this example.

APPENDIX A. RESIDUAL ESTIMATION

In this Appendix, we show how to estimate & in (14) and 6 in (23).

For fixed to and ¢; such that 0 < tg < t; < 00, let J = (to,t1] and 7 = t1 — to.
The function space V}, is the same as that in Section 3. For 4y € V}, we employ
the Crank-Nicolson scheme in order to get 4, € Vj, i.e. for ug € Vj,, we will find
u1 € Vj, such that

U1 — U 1
() 2 Ao+ ) on) e =

9 (f('au0)+f('au1)avh)L2

1
2
for any v, € Vj. Let 47 € Vj be a numerical approximation of u; € Vj, of this
equation replaced ug by g € V3. Let I (kK = 0,1) be a linear Lagrange basis
satisfying li(t;) = dx,; (k,j = 0,1), where 0 ; is Kronecker’s delta. Then, we
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FIGURE 3. Each py for T} in (25) for the case 1 and w(0,2) =
5.5sin(mzy ) sin(mxs).

define wo € L>*(J;V},) as
WO(t) = ﬁolo(f) + ﬁlll(t)7 teJ
For a fixed 6 satisfying 0 < 6 < 1, we define Cp € L?() as

Uy — Ug

+ (1 —0)Adg + 0AG; — (1 —0)f(-,h0) — 0 (-, 01).
Let ®(t) := f(-,41)l1(t) + f(-,G0)lo(t) for t € J. Then, we have

(28) \ [N (o) — () — Awols)

to

<[

to
t
to

H;

ds
H}

eI (F (o (5)) — D(s)

+ He—(t—S)A ((ID(S) _ 35600(8) — Awo(s))‘

ds.
Hg

We estimate the first term of (28). Since both 4y and 4; are in Vj, C L>®(Q), a
classical error bound of linear interpolation yields for fixed x € ,

7_2 d2
Fwo(®) — @(0)] < T max| S f,woe)
72 / dwy 2
= G| ()

x| o (1))

(g — u0)2’ .

8 ¢
From Sobolev’s embedding theorem, which will be cited in (33) in Appendix B,
it follows
c?,
(29) 1£(wo®) = @(B)llzz < =" [wolll oo (g (2 81 — @0l -
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From (29) and Lemma 2.4 with o = 8 =1/2,

le==DA(F (- wo(s)) — (s)) | pra ds

to

- / |AV2e= DA (- g (5)) — B(s))]| 2ds

t
< 671/2/ (t — 5)=1/2e=1/2(=) N

to

£ (- wo(s)) — D(s)|l 2 ds

21 )\min t—t )
< erf ( (20> ||f(',0J0) - (I)”Loo(J;L?(Q))

)\mine

holds. Therefore, we obtain the following upper bound:

/ D1 wols)) — B(s))ds

to

Lo (J;HE ()

2 )\mmT
< Cpa2 )\mine erf ( 2 > )
where we put
2
e,4 U U
Cp = ] 1" [wolll Los (o= @) and @ == [ty — dio| .-

We estimate the second term of (28). Since l1(s) +lo(s) = 1 (s € J) holds, we
have

B(s) — Dswo(s) — Awp(s) — (C1li(s) + Colo(s))
= —((C1=Cy)li(s) + (Co — Co)lo(s) + Co)
= —(Co+ (C1 —Co)((1 = 0)l1(s) —Olo(s)).
Then, for a fixed ¢t € J, it sees that

et =9A(DB(s) — Dswio(s) — Awo(8)) || g2 ds

to

/t
to

t .
S/ e 2||Coll L (t — 5) P79 s

to

Al/Qef(t*s)A((I)(S) - 83(-‘)0(5) - AMO(S))HL2 ds

t Ami
+11C1 = Coll 2 max (1 = 6)L1(s) = Blo(s))| | (=)~ /2e= =) s
s to
2 )\min t—t
<\/5 Zerf< (2)> (ICol . + max(8, 1~ 8)Cy — Collz)

Therefore, when 6§ = 1/2, both § and § are bounded by

i (V) (o], ).
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Here, we sketch a difference between this paper and [14]. In [14] we give a
sufficient condition for enclosing a solution to (12) by using an analytic semigroup
over H=1(Q), where H~1(Q) is the topological dual space of H}(Q2). Let (-,-) be a
dual product between H~1(Q2) and H} (). A linear operator A : H}(Q) — H~1(2)
is defined by

(Au,v) := (Vu, Vo) 2, Yo € Hy(Q).
The operator —A generates an analytic semigroup {e_tA}tZO. We define 6_; as

/ e7(”5)“4(8(&10(5) + Awo(s) — f(-,wo(s)))ds

0_1> ‘
to

Lo (J;HE(Q)) .

The sufficient condition for enclosing a solution of (12) given in [14] is that there
exists p > 0 satisfying

_
(31) et 2\/}% (D)o +61 <,

where we recall that € and L,,, are given in Theorem 3.2. The main difference of
(16) and (31) is 6_1. To estimate 6_1, let us define two functionals B(i;) € H~1(Q)
and F(id1) € H1(Q) as

G — i

(B(y),v) == < - ,U>L2 + (Vity, Vo) g2 — (f(-, 1), v) g2, Vo € H3 (),

(F(fi1),0) := <“17“00) , + (Viiy, Vo) 2 — (f(-, o), v) 12, Yo € HE(Q),

respectively. We obtain
(32)

5, < L /19T

N N 1 — e TAmin
=7 o ||f”[W0]||L°°(J;L°°(Q))||U1 - Uo||2Loo + 8+ (2 + ) 7,

T>\min

where || is the measure of 2, 5 = ||B(@1)||gz-1, and n = ||B(@1) — F (G1) || 7-1. Here
we note that both 8 and 7 can be estimated rigorously by using methods given in
[17], [18], and [19].

We numerically compare § with 6_;. We consider (25) for Case 1 with the
interval (0, c0) replaced by (0,278]. We set a numerical solution wy as (26). Then,
we estimate 0 and d_; given in (30) and (32), respectively. The values of § and
6_1 are given in Table 3. Table 3 shows an advantage of the numerical verification

TABLE 3. § is much smaller than §_;.

) 0-1
0.0402836121 0.82706871027

method based on an analytic semigroup e~*4 over L?(Q).
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APPENDIX B. LocAL LiPSCHITZ CONSTANT

We derive Lg(p) in (10) and Ly, (p) in (15) when f(z,u) = u? + g, where g €
L?(Q) is a given function. Let ¢ be a natural number. There exists Sobolev’s
embedding constant C. , > 0 satisfying

(33) lullze < Cegllullmy, Yu € Hy(9),

where || - ||L« represents the norm in the usual Lebesgue L(Q2) space [21]. Such
a constant C, , can be numerically estimated (see Lemma 2 in [18] for example).
Let J be any interval in (0,00). For p > 0 and a given v € L°°(J; H}(2)), let
w € Bro(s,mi(a) (v, p). Here, for u € L*(J; H}(Q)) and a fixed s € J, we can
obtain

£ [w(s)]u(s)] > 2[lw(s)u(s)ll2

< 2flw(s)|zallu(s) s
< 202 lw(s) |l g llull oo (112 (02))
< 22, (p+ ol e (gimz @) 1l Lo ;112 (20

Therefore, we have
Ly(p) = 2C2 4(p + 10l oo (1,12 02)))
and
Luy(p) = 2C2 41(p + woll poo (1;m3 (2)))-
Furthermore, we estimate
||¢|\L00(Tk;H5(Q)) <p + ||<£||H[}
and

[woll oo (7 ;12 (0)) < max {||@0||H57 [l ”H(}} .

APPENDIX C. THE CONTINUITY OF THE GLOBAL-IN-TIME SOLUTION

If the existence of the global-in-time solution to (1) is proved by Algorithm 1,
the solution u(t) € H} () € L*(Q) for t € [0,00) is expressed by

t
u(t) = ety +/ e_(t_S)Af(-,u(s))ds.
0

We will show the solution u is in C°([0, 00); L%(9)).

First, we will show f(-,u) € L>=((0,00); L?()). Let ¢ € H}() be the stationary
solution in Theorem 3.1. Since the global-in-time solution u exponentially converges
to ¢, there exists p > 0 satisfying [[u — ¢l Lo ((0,00);11(2)) < p- The mean-value
theorem and (10) yield

[£(w) = F( D) e (0,00):22(2)) < Lo(p)p-

It follows that

I (5 u)ll oo ((0,00):22(2)) < N5 u) = F( D)l noe(0,00):22(2)) + I1F (5 D) llz2
< Lg(p)p+ [1f(;@)||2:= M

Hence, f(-,u) € L>((0,00); L3(Q)).
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Next, we will show the global-in-time solution u is in C°([0,00); L?(Q)). Fix
t’ > 0. For t € R such that 0 <t <t < oo, we have

(34)

lu®) = u(@) 122 < (e = e Yo

L2

+ /Ot e E=DAf( u(s))ds — /Ot e =9)Af( u(s))ds

L2

t
< (e — e~ Muoll 2 +/ le™ =4 2 2l £ (- u(s)) | 2ds
t/

t/
+ e =4 — IIILZ,Lz/ le™ = 2,21 (-, us)) | 2 ds
0

M(1— e—/\min(t—t/))

’
< (e = e ) g, ol g + =
min

M(1— efAmmt’)

)\min

+ H@iﬁit )A — I||L2,L2

)

where I is an identity operator from L?(£2) to L?(€2) and we have used the spectral
mapping theorem. From the continuity of the semigroup, |le=*4 — e_t,A\|Lz7Lz —0
and [le= )4 — || 12 12 — 0 (e.g. [15]) hold if ¢ — ¢’ + 0. Then, the right hand
side of (34) tends to 0 if ¢ — ¢ + 0. On the other hand, we fix ¢ > 0. For
t € R such that 0 < ¢t < t' < 0o, we estimate ||u(t) — u(t')|| 2 by the same way as
(34) after exchanging ¢ with ¢’ in (34). By using the continuity of the semigroup,
lu(t) — u(t)| Lz tends to 0 if ¢ — ¢/ — 0. Therefore, the global-in-time solution u is
in CY(]0, 00); L2()).
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